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Von Neumann and
Morgenstern’s Errors (1)

eErrors committed by von Neu-
mann and Morgenstern are at the
foundations of Game Theory,
Economic Theory, Decision The-
ory, and related theories.

e Decision theory Is based on pref-

erence measurement. Measure-
ment theory Is founded on
fundamental errors.




Von Neumann and
Morgenstern’s Errors (2)

e Addition and multiplication are
not applicable on utility scale val-
ues.

* Additional Game Theory Errors:
see “Game Theory Foundational
Errors” — Parts |-VI.




The Ordinal Utility Error

 Although addition and multiplica-
tion are not applicable on ordinal
scale values, It Is claimed In the
economic theory literature that it
IS sufficient to derive differential
optimality conditions.

This 1S an error. The conditions
for applying calculus theorems are
not satisfied. Assumed scale trans-
formations are not ordinal.




“Cardinal” Utility (!?)

o|f it Is not ordinal it is cardinal (1?)

e Cardinal time? Cardinal potential
energy?




Non-linear Preference (!?)

* Non-linear potential energy?

* Non-linear temperature?




Strength of Preference (!?)

 Strength of time?

o Strength of energy?




Multiplicative Weight (!?)

e Concatenating rods of lengths 6
and 7 yields 4217




Any Space Is a Vector Space (!?)

* Any n-tuple Is a vector and any
space Is Euclidean!?

*\ector space operations are appli-
cable whether they are or are
not!? (as for example in the AHP)
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The Utility of Value (1?)

* The length of my weight?

* \Without the property under mea-
surement we cannot Introduce
math to science.

Money IS not a property of
objects -- game theory without
utility.
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The Two Bottom Lines of an
All-Star Cast
of Utility Theorists

(1) They unanimously agreed that

subjective expected utility is the
appropriate normative rule for
decision making under risk or
uncertainty.

*(2) They all agreed that the exper-
Imental and observational evi-
dence has established as a fact the
assertion that people do not maxi-
mize subjective expected utility.
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Applicability of Operations vs.
Scale Unigueness — Solving the
Wrong Problem

eCampbell & Ferguson et al.
(1940).

* The purpose of measurement.

VNM'’s goal. Solving the wrong
problem and proving the wrong
theorem.
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Questions

*On a Scale of 0-10 ... ?

*\What’s wrong with
2010+2009 = 4019?

*No proof of the applicability of
addition and multiplication on
scale values for any scale in the lit-
erature.
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The Fundamental Issue

Conditions for applicability of
mathematical operations:

 There must be conditions.
Not In literature.

e (For non-physical variables.)

 |Inapplicable operations produce
meaningless numbers.
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The Characteristic Function of
Game Theory

v(S)+Vv(T):

Whose values?

Undefined sums.

VNM’s solution of a game, imputa-
tions, Shapley’s value -- based on

errors.

Zero-sum two-person game theory
Is formulated incorrectly.
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The Modelling Framework

This Framework is essential!

Empirical Mathematical

e System: set(s) with operations.

* A scale Is a mapping that reflects
operations (homomorphism).

* Not just any arbitrary mapping.
* The system M iIs a model of E.

*Property: e.g. adding length.
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The Role of the Property In
Measurement

* The modelling framework Is the
only foundation for the mathe-
matical operations.

*\\e do not “add objects” - we add
their property (length, mass, etc.)!

* The property Is part of the frame-
work.

*The property of interest here Is
preference.
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The Principle of Reflection

 Mathematical operations are
enabled only If they are reflections
of corresponding empirical opera-
tions.

* Note: order Is not an operation.

e Implications: addition and multi-

plication are not applicable on
scale values In the classical litera-
ture.

19



Money Is Not
a Property of Objects

Examples of money (Shubik):
“coconuts, cocoa beans, dried wsh,
salt bars, or a beaver pelt” — these
are objects, not a property of
objects.

* The outcome of measuring tem-
perature IS a temperature scale.
The outcome of measuring mass
IS not a length scale.

*\Von Neumann and Morgenstern
measure preference and produce
a utility scale!
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Homogeneous Fields (1)

The problem does have a solution.

The mathematical system M is a
field.

The empirical system E IS homo-
geneous.

We need to construct a homoge-
neous field.
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Homogeneous Fields (2)

A field: one set, two operations
Including Inverse  operations.
Absolute zero, absolute one.

* A vector space: 2 sets (vectors
and scalars), mixed multiplication.
Absolute zero.

* A one-dimensional vector space.
L_ength and mass.

 An affine space: 3 sets (points,
vectors, scalars), form of opera-
tions.
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Homogeneous Fields (3)

*A new classification: wealk,
proper, and strong scales. Field
(scalar), vector, and affine scales.

» Constructing strong affine scales.
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Better Understanding
IS Needed

*Role of property under measure-
ment.

e Distinction between objects and
properties of objects.

Preference, utility, value, etc., are
all synonymes.

* The “utility of value” of an object
(Keeney & Raiffa) - the “length of
the length” of a pen??!
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Applicability of Mathematical
Operations, 1887-1940

1887, Helmholtz

1920, Campbell

1932-1940, British Association for
the Advancement of Science

1940, Controversy not resolved iIn
Final Report.
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Von Neumann and
Morgenstern, 1944

The modelling framework has
never been in dispute.

Solved the wrong problem:

|nstead of addition and multipli-
cation, axioms for “center of grav-
Ity” operation and t=p+qgs scale
unigqueness.

*But the problem was the empiri-
cal operations and t=p+qs does
not iImply addition and multiplica-
tion.

26



Implications for Economic
Theory

e Addition and multiplication are
not applicable on ordinal scale
values.

 Differentiation 1s not applicable
on ordinal utility.

|f the utility scales of consumer
demand theory are ordinal they
cannot be differentiated. If they
are differentiable they are not
ordinal.
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Utility Shortcomings (1)

The Principle of Reflection:

e Addition and multiplication are
two binary operations; “center of
gravity” Is one ternary operation.

e Addition and multiplication are
not applicable on scale values for
any scale in the literature includ-
Ing utility scales.
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Utility Shortcomings (2)

Barzila’s paradox — more impor-
tant than common utility para-
doxes. An Intrinsic contradiction:

e EXIStence and unigueness Vvs. con-
struction.

* Framework ok In the abstract. For
preference, the interpretation of the
empirical operation leads to a
contradiction — prizes uncon-
strained, lotteries constrained,
prizes that are lotteries allowed.

And there IS more.
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Game Theory
Shortcomings (1)

Game theory values: a fundamen-
tal concept. Assigning values to
outcomes, coalitions, etc., IS con-
structing value functions.

Value Is not a physical variable.
Whose values? What is v(S)?

The characteristic function of a
game and other central game the-
ory concepts including Imputa-
tions, Shapley’s value, and VNM'’s
solution are ill-defined!
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Game Theory
Shortcomings (2)

Undefined Sums:

v(S)+Vv(T) Is undefined for utility
scales, time, potential energy, and
similar variables. The sum of
“Imputations” 1s undefined. \Von
Neumann & Morgenstern’s solu-
tion is ill-defined.

The utility of a coalition:
Reduction to a two-person game —
a coalition vs. its complement. But
there Is no basis for the utility of a
group of players.
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Game Theory
Shortcomings (3)

“The” value of a game:

The value of a two-person zero-
sum game Is Ill-defined: Utility
scales are not unique, t=p+qgs. Vary-
Ing p or g changes the value. Any
number can be the value of the
game.

And there IS more.
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Back to 1940

Von Neumann and Morgenstern’s
utility theory and game theory
cannot serve as a foundation.

(Note: the notion that the only
type of utility that is needed in eco-
nomic theory Is ordinal, Is an
error.)
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The 1940 Final Report

* Missed multiplication.

 Missed the form of addition and
multiplication for time, potential
energy, etc.

e Incorrect model even for mass and
length.

* No correction In the literature.
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Post-vNM
“Measurement Theory”

* The iIssue I1s mathematical model-
ling of measurement, applicability
of operations.

* Uniqueness classification: applica-
bility of operations disappears
from the literature.

e Addition and multiplication not
applicable on scale values for any
scale in the literature.
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“Measurement Theory” (2)

* Model for length: addition without
multiplication (multiplication Is
not repeated addition).

« “Extensive” measurement & ratio
scales: half the operations are lost;
derived from position.

o“Difference” measurement &
Interval scales: the other half iIs
lost; neither addition nor multipli-
cation are applicable.
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Ordinal Utility & Indifference
Curves

e Ordinal scale values cannot be dif-
ferentiated.

e Differentiable scales are not ordi-
nal.

*See paper by this title.
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AHP

*Problems mis-diagnosed. Rank
reversal Is not the main Issue.
(Dyer’s analysis Is circular and of
no value.)

« Addition, multiplication, matrix,
and vector operations are not
applicable; eigenvector Is the
wrong solution; preference ratios
are undefined.

e Additional errors.
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A Sample of

Game Theory Errors

e Undefined sums:
2008+2009=4017.

*\Values of coalitions: whose val-
ues?

* The two-person “zero-sum” game
A B| with “payoff” table |1 ?|:
CD Py L o}
Choose [C, D] with probability
0.25 regardless of what D 1Is!
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