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Introduction: The Issues

One is not required to be a mechanical engineer to drive a car and, considering the
advanced state of mechanical engineering, most people limit their interest in what lies
“under the hood” to ﬁnding a competent mechanic. Users of evaluation, risk, and decision analysis tools that are based on classical decision theory should be aware that, as is
demonstrated below, classical MCDA (multi-criteria decision analysis) has not reached
the advanced state of mechanical engineering. Since evaluation and decision tools that
are based on ﬂawed mathematical foundations produce meaningless numbers, the purpose of this paper is to give a sample of typical errors and direct the reader to (i) practical tools that are based on sound mathematical foundations and (ii) to these
mathematical foundations.
Typically, even the simplest multi-criteria evaluation techniques involve numbers
and operations such as addition and multiplication. Also typically, it is not recognized
that the numbers on which the operations of addition and multiplication are performed represent preference scales and that these are mathematical operations albeit
elementary ones. Although the construction of preference scales and the applicability
of mathematical operations to preference scale values are of great theoretical and practical importance, the problem of applicability of these operations has been ignored in
the literature following the publication of von Neumann and Morgenstern’s Theory of
Games and Economic Behavior [21] and the conditions under which these operations are
applicable have not been identiﬁed until recently (see Barzilai [5, 6 and 7]).
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A Sample of Typical Problems

2.1 The Applicability of Addition and Multiplication
Consider the applicability of the operations of addition and multiplication on scale values for a ﬁxed scale, that is, operations that express facts such as “the weight of a given
object equals the sum of the weights of two other objects” ( m ( a ) = m ( b ) + m ( c ) ) and
“the weight of a given object is two and a half times the weight of another one”
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( m ( a ) = 2.5 × m ( b ) ). It may be surprising to learn that these operations are not applicable to any scales in the classical literature, but the correct model for preference
scales, which are the scales of interest in evaluation, risk, and decision analysis, is that
of a straight line and none of the scales in the classical literature is constructed in
accordance with the algebraic and geometric structure of the straight line. In fact, the
conditions for applicability of addition and multiplication have not been identiﬁed in
the classical literature and the issue of applicability of mathematical operations cannot
be found in the literature following the publication of von Neumann and Morgenstern’s book [21].
A technical note: It is important to emphasize the distinction between the application of the operations of addition and multiplication on scale values for a ﬁxed scale,
for example m ( a ) = m ( b ) + m ( c ) , as opposed to what appear to be the same operations
when they are applied to an entire scale whereby an equivalent scale is produced by
what amounts to a change of the zero point or unit, for example t = p + q × s where s
and t are two scales and p, q are numbers. For details see Barzilai [5].

2.2 On a Scale of 1-10, How Far is Lisbon from Amsterdam?
This is a meaningless question and numbers that are given in answer to similar questions are meaningless as well. Although no mathematical operations are applicable to
such numbers, there seems to be nothing in the classical measurement, decision, or
evaluation literature to tell marketing experts that there is no basis for the statistical
operations which they routinely carry out on numbers received in response to questionnaires that contain such questions. For further details see Barzilai [4].

2.3 Measurement Without Units
Measurement without units produces scales to which addition and multiplication are
not applicable (see Barzilai [7, §8]). Yet the term unit does not appear in Roberts’s Measurement Theory [20] and there is no formal deﬁnition of the term in the literature. Similarly, there is no formal deﬁnition of the term scale in Foundations of Measurement
(Krantz et al. [15]).

2.4 Group Decision Making
The common view in the classical literature that group decision making cannot be
modelled mathematically is an error that is based on a misinterpretation of the implications of Arrow’s Impossibility Theorem [1] (cf. Barzilai [6]). Another approach to
group decision making, game theory, cannot serve as a foundation for group decision
making as well — see Barzilai [6 and 3].

2.5 Utility Theory
Although utility theory has been the subject of much controversy since its early days,
the main ﬂaws in the foundations of this theory have been brought to light only
recently. Among other things, the construction phase of utility theory contains a selfcontradiction (see Barzilai [6] for details).
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2.6 The Analytic Hierarchy Process
More than thirty years after the publication of Miller’s work [16, 17, 18], there is still no
acknowledgement in the Analytic Hierarchy Process (AHP) literature (or elsewhere) of
his contribution to decision theory in general and the AHP in particular. Some of
Miller’s ideas are valuable while others are mathematically incorrect but almost all of
the additions to his original methodology are in error. Many AHP errors are reviewed
in Barzilai [8—11] (see also the references there). Not surprisingly, these errors have
been mis-identiﬁed in the literature and some of these errors appear in decision theory.
For example, Kirkwood [14, p. 53] relies on Dyer and Sarin [12] which repeats the
common error that the coeﬃcients of a linear value function correspond to relative
importance [12, p. 820]. Furthermore, “diﬀerence measurement” which is the topic of
Dyer and Sarin is not the correct model of preference measurement. As is the case for
other preference scales, there is no foundation for the use of the operations of addition
and multiplication in the construction of AHP’s preference scales (in this case these
operations are used to compute the AHP’s eigenvector “priorities”).

2.7 Pairwise Comparisons and Preference Ratios
Pairwise comparisons (i.e. comparing two alternatives at a time) and ratios of alternatives cannot be used in the construction of preference scales to which the operations of
addition and multiplication are applicable. (Until recently, the use of pairwise comparisons and preference ratios was not related in the literature to the applicability of addition and multiplication.) For details see Barzilai [4].
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Preference Function Modelling

Classical evaluation theories, including utility theory, cannot serve as the mathematical
foundation of decision theory, game theory, economics, or other scientiﬁc disciplines
since they do not enable the operations of algebra and calculus which are needed and
widely used in the physical and social sciences and in statistics. A new theory for preference measurement that enables these operations has been developed in Barzilai [6
and 7]. Based on this theory, a practical methodology for constructing proper preference scales, Preference Function Modelling (PFM), and a software tool that implements it, Tetra, have been developed. Tetra requires only simple and intuitive
operations and is a powerful tool for group evaluation and decision making. For future
developments of the theory, methodology, and software tools consult arxiv.org and
www.scientiﬁcmetrics.com.
A technical note: In geometrical terms, proper preference scales reﬂect the objects
under measurement to points on a straight line — see Artzy [2], Postnikov [19] and
Barzilai [6].

4

Summary

Classical decision theory (e.g. Keeney and Raiﬀa [13]) and measurement theory (e.g.
Krantz et al. [15]) are founded on errors that go back to early utility theory and which
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have been propagated throughout the literature and have led to a proliferation of
methodologies and software tools that are based on ﬂawed mathematical foundations
and produce meaningless numbers. In addition, the common notion in classical decision theory that group decision making cannot be modelled mathematically is incorrect and is based on results that apply to ordinal systems only.
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